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Abstract. In this paper the normalized generalized stress and strain vectors in 9-D space are introduced. A method of
constructing the eigen-compliance constants and material modes for the piezoelectric material is presented, which is applied
to design a new failure criterion based upon the concept of strain energy modes. In this theory, normalized generalized stress




respectively, whose directions are called material modes, and the total strain energy is additively composed with nine independent




/2 and it is assumed that the
role of different modal energies is different in the failure event. It is postulated that the failure will occur when one of the modal
energies or an appropriate linear combination of these energy modes reaches a critical value. PZT-4 piezoelectric ceramic is
used as a numerical example to demonstrate the adequacy of the theory with experiment for the piezoelectric failure problem.
The calculated result seems to be in good qualitative agreement with experimental data.
1. Introduction
The 3-D fourth-rank anisotropic elasticity tensor of an elastic body can be considered as a second-rank
tensor in 6-D space. Due to the real symmetric nature of the second-rank elasticity tensor in 6-D space,
there exist 6 eigenvalues and correspondingly 6 eigenvectors or eigendirections or modes, along which
stress and strain are parallel in 6-D Cartesian space. When one projects the 6-D space back into the 3-D
space, the tensors corresponding to the eigenvectors in 6-D space are called the eigentensors in 3-D space.
The eigentensors for all linear isotropic elastic materials are familiar. They are a deviatoric second-rank
tensor and a tensor proportional to the unit tensor. Kelvin [1] first introduced the principles for the
development of eigentensors of linear anisotropic elasticity, and determined the eigentensors for many
elastic symmetries and gave a concise summary of his results. Chen [2], Rychlewski [3] studied and
developed the eigentensor theory again. Cowin and Mehrabadi [4], Mehrabadi and Cowin [5], Biegler
and Mehrabadi [6] and Arramon et al. [7] developed the approach and extended this theory to composite
materials. According to these results, the general properties of eigentensors for any anisotropic elasticity
can be illustrated as
A) For any elastic symmetry, the stress vector and strain vector can be additively decomposed into a
sum of six or fewer eigenvectors (spectral decomposition).
B) For any elastic symmetry, each eigenstress is directly proportional to associated eigenstrain and is
independent of other eigenstrains (decoupling property).
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C) Any modal energy is a scalar-valued product of the eigenstress and associated eigenstrain. The
different modal energies are not interacted on each other. The strain energy can be composed of
all modal energies. The modal energies are very important for the strength criterion.
According to these principles, various proposed criteria of strength and failure for anisotropic materials
have appeared in the literatures [1–3,6]. They postulated that failure would occur when the energy in
any of the Kelvin modes has exceeded a critical value. Arramon et al. [7] presented a criterion to predict
the multi-axial strength of anisotropic elasto-plastic materials by combining Kelvin and complementary
principal stress modes. They considered that their theories are more consistent with the experimental
results than that of the Tsai-Wu criterion in their paperboard experiments.
Though eigentensor theory has developed, extended and applied for anisotropic materials well, this
theory has not been extended to piezoelectric materials until now. In this paper a main aim is to construct
the eigentensors for the piezoelectric materials. For any piezoelectric material, the stress and electric
field (or strain and electric displacement) can be additively decomposed into a sum of nine or fewer
modal stress (strain) using spectral decomposition. A second aim is to apply this theory to discuss and
establish two failure criteria of piezoelectric material, what is called the modal strain energy method in
this paper. Since piezoelectric ceramics are very brittle and susceptible to fracture, fracture behaviors
of these materials under a combined electric-mechanical loading have drawn increasing attention from
many researchers. Some basic crack problems in linear piezoelectric materials have been solved by
several researchers [8–16]. There are some models proposed to explain the observed complicated failure
behavior, such as the total energy release rate for crack propagation. However, the total energy release
rate does not well coincide with some experimental data [11,17]. In order to derive a fracture criterion,
which corresponds more closely to the empirical observations, Park and Sun [11] suggested to use the
mechanical part of the total energy release rate as the fracture criterion. But there is no fundamental reason
to separate a physical process into an electric part and a mechanical part [18]. Gao et al. [18] proposed the
electric strip saturation model to explain the experimental results between the applied electric field and
the fracture load. A “local” energy release rate, obtained by evaluating a path independent integral along
an infinitesimal contour near the crick tip, was used as a fracture criterion. Fu and Zhang [19] used a
domain wall motion model to explain the effects of temperature and electric field on the bending strength
of PZT-841 ceramics. Shen and Nishioka [16] applied the energy density theory [20] for piezoelectric
materials as a fracture criterion. Since the available experimental data are few and limited, there is no
one failure criterion accepted universally. This paper presents two new failure criteria based upon the
concept of modal strain energy for piezoelectric ceramics.
In Section 2, the normalized expressions of stress and electric field (or strain and electric displacement)
are shown in 9-D Cartesian space. The concepts of modal stress, modal strain and eigen-compliance
(or eigen-modulus) of piezoelectric ceramics are introduced in Section 3. The eigentensors and eigen-
compliance of transversely isotropic piezoelectric material are obtained in Section 4. In Section 5,
we present two new failure criteria based on modal strain energy. And one experiment is used as
the numerical examples in Section 6. The new criteria are seemed to be in good predictions for the
experimental data.
2. Normalized expressions of stress and electric field (or strain and electric displacement)
One form of the constitutive relations for linear piezoelectric solid can be written as
S = aT + dT E
(1)
D = dT + εE
Z.-B. Kuang et al. / Eigen-material constants, mode and failure criterion for piezoelectric media 237
whereS is strain tensor,T is stress tensor,D is electric displacement vector,E is electric field intensity
vector,a is compliance tensor,d is the piezoelectric constant tensor andε is the dielectric constant tensor
in 3-D space. Equation (1) can be transformed to the following equation in 9-D space
S = sT (2)
WhereS is a general strain vector, which includes not only strain but also electric displacement andT is
a general stress vector, which includes stress and electric field intensity:
S = [ex ey ez γyz γzx γxy Dx Dy Dz]T
(3)
T = [σx σy σz τyz τxy Ex Ey Ez]T
ands includes 36 elastic compliances, 18 piezoelectric constants, and 9 dielectric constants.
In Eq. (3), dimensions of strain and electric displacement and dimensions of stress and electric field
are different. This non-consistency will create trouble in researching eigenvalue problem and failure
criterion, so we introduce non-dimensional variablesD̃i and stress-dimensional variablesẼi, i.e.
[D̃i] = [Di/α] (i = x, y, z)
(4)
[Ẽi] = [αEi] (i = x, y, z)
whereα is a transformation coefficient with unit(N/mV ). In this discussion we temporarily letα = 1.
In the following discussion theDi andEi in Eq. (3) are replaced bỹDi andẼi respectively.
In this paper, normalized expressions of generalized strainŜ d generalized stresŝT are defined with
Ŝ = [Ŝ1 Ŝ2 Ŝ3 Ŝ4 Ŝ5 Ŝ6 Ŝ7 Ŝ8 Ŝ9]T









γxy D̃x D̃y D̃z]T
(5)
T̂ = [T̂1 T̂2 T̂3 T̂4 T̂5 T̂6 T̂7 T̂8 T̂9]T






2τxy Ẽx Ẽy Ẽz]T
The relations between Eqs (3) and (5) are
T̂ = PT, Ŝ = P−1S
(6)






2 1 1 1]
whereP is a constant matrix.
Substituting Eq. (6) into Eq. (2), we obtain
Ŝ = ŝT̂ (7)
whereŝ = P−1sP−1 is a normalized material compliance matrix. Here, the dimensions of the compo-
nents of̂s are
[ŝij] = [sij ], i, j = 1, . . . , 6
[ŝij] = [α3sij], α3 = 1(V m/N), i = 1, . . . , 6; j = 7, . . . , 9 and i = 7, . . . , 9; j = 1, . . . , 6 (8)
[ŝij] = [α4sij], α4 = 1(m3/FN), i = 7, . . . , 9; j = 7, . . . , 9
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Considering coordinate rotation in real 3-D space, the direction cosines between the new coordinate
systemΦ′ and the old coordinate systemΦ provide the matrixR
R =

 l11 l12 l13l21 l22 l23
l31 l32 l33

 , lkl = cos(i′k, il), k, l = 1, 2, 3 (9)
wherei′k andil are the unit vector alongOX ′k in Φ
′ andOXl in Φ respectively. It is easy to show that
in 3-D space the rotation relations ofE andD are
E′ = RE , D′ = RD (10a)












whereAij are third-rank matrices and shown in Appendix A.
The rotation relations of the generalized stress and generalized strain in 9-D space can be expressed
as




A11 2A12 0A21 A22 0
0 0 R

 , B =

 A11 A12 02A21 A22
0 0 R

 , AT = B−1 (12)
andT′ andS′ are the expressions corresponding toT andS at the new coordinate systemΦ ′ respectively.
From Eqs (6) and (11) we can obtain the rotation relations of the normalized generalized stress and strain
as
T̂′ = PAP−1T̂, Ŝ′ = P−1BPŜ (13)
It is obvious thatPAP−1 is equal toP−1BP from Eqs (6), (9) and (12). Hence Eq. (13) can be written
in the forms
T̂′ = HT̂, Ŝ′ = HŜ, H = PAP−1 = P−1BP (14)
whereH is a rotation matrix in normalized 9-D space.
HT H = (PAP−1)T (P−1BP) = P−1(AT B)P = I (15)
Eqs (14) and (15) illustrate that in 9-D space the normalized expressions ofT̂ and Ŝ possess the
same orthogonal rotation matrixH when the coordinate system is rotated in the original 3-D space.
Accordingly, if ŝ is a diagonal matrix in one coordinate system, it is also the same diagonal matrix in
another coordinate system obtained by rotation.
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3. Eigen-compliance constants, material mode (or eigendirection) and modal stress
According to Eq. (7), for piezoelectric materials every component ofŜ must be expressed by a
combination of all 9 components of̂T. It is difficult to distinguish the different deformation mechanisms,
which are important in failure theory. The following section is to expand the spectral decomposition of
the piezoelectric material constants.
3.1. Eigen-material constants and material modes
Analogously to the Kelvin model, for piezoelectric ceramics we seek a direction, along whichT̂ and
Ŝ are parallel in 9-D Cartesian space and in this case we denoteT̂ by T andŜ by S, i.e.
S = ΛT (16)
From Eqs (7) and (16), we get
(s − ΛI)T = 0 (17a)
Due to the fact thatT is not the true generalized stress vector in this case, we denote it withϕ.
Equation (17a) is rewritten as
(s − ΛIϕ = 0 (17b)
There will be a maximum of nine values ofΛ, Λi(i = 1, . . . , 9) satisfying (17b) and a maximum of nine
associated values ofϕ with an undetermined multiplier, denoted by the vectorϕ (i)(i = 1, . . . , 9). The
values ofΛi andϕ(i) are called eigen-compliance and material mode (or eigendirection) respectively.
Along any eigendirectionϕ(i), the constitutive equation can be expressed as
S(i) = ΛiT
(i) (18)
Considering coordinate rotation in 3-D space, from Eqs (7), (14) and (17b) we have
s′ = HsH−1, ϕ′ = Hϕ (19)
wheres′ andϕ′ are the expressions ofs andϕ in the new coordination system. Substituting from Eq (19)
into Eq. (17b), we write
(s′ − ΛI)ϕ′ = 0 (20)
From Eqs (19) and (20) we know that the eigen-compliance keeps constant in 9-D space as the 3-D
coordinate system is rotated.
The material eigendirections associated with distinct values are orthogonal. A Cartesian basis in 9-D
space can be constructed with the normalized material mode (or eigendirection) vectors. Each normalized
mode vector in 9-D space represents a material direction or a deformation mode for piezoelectric
materials.
In the same way, we can obtain eigenelastic moduli and corresponding material modes (or eigendirec-
tions) by the following equation
(s−1 − Λ−1I)ϕ′ = 0 (21)
It is easy to prove that the material modeϕ′ expresses the same material eigendirection asϕ in 9-D
space.
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3.2. Modal stress
Each material mode (or eigendirection) represents a deformation mechanism and here all these are
expressed asϕ(i)(i = 1, . . . , 9). Usually elastic and electroelastic materials are “semi-simple” due
to certain symmetric properties, i.e. for the multiple rootλi we can construct eigen-vectors in the
same number as its multiplicity. So material modesϕ(p+r), . . . , ϕ(p+r) may be associated to the same
eigenvalueλ. In many cases we can take their sum as an independent mode [2,5], i.e.
ϕ(l) = ϕ(p+1) + . . . ϕ(p+r) (1  l  k) (22)
wherek is the number of distinct eigenvalues. Latterϕ(j) is normalized as
ϕ(j) =
ϕ(j)
|ϕ(j)| (1  j  k) (23)
Usingϕ(j)(j = 1, . . . , k), we can constructk-D modal space withϕ(j) as the orthogonal unit basis.
There are two methods to construct the modal stress and modal strain. The first method is to decompose


















From Eq. (24) we obtain
T
(j) = (ϕ)(j))T T̂, S(j) = (ϕ(j))T Ŝ (25)
whereT(j) andS(j) are thejth modal stress and modal strain vectors respectively, andT (j) andS(j) are
the norms ofT(j) andS(j) respectively.
The second method is first to define
p(j) = ϕ(j) ⊗ (ϕ(j))T (26)
wherep(j = 1, . . . , k) is a dyad and is called thejth material modal matrix. Based onp(j), it is easily
seen that the stress vectorT in modal space can be obtained by the following formulation [21]
T(j) = P(j)T̂ = ϕ(j) ⊗ (ϕ(j))T T̂ = ϕ(j)T(j) (27)
It is obvious that Eqs (25) and (27) are equal.
Using the Eq. (16), we take
S(j) = ΛjT
(j) (28)
whereS(j) is the strain vector associated withT(j) andΛj in modal space, and is directly proportional
to T(j).
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whereU(j) is called thejth modal strain energy of material.Utotal is the total strain energy which is the
sum ofk modal energies, each of which is a scalar-valued product of the modal stress and modal strain.
These modal energies are uncoupled.
4. Material mode (or eigendirection) for transversely isotropic piezoelectric material
In this section, we determine the material mode (or eigendirection) for linear transversely isotropic
piezoelectric material using the spectral decomposition method introduced in Section 3.
For transversely isotropic material there are five elastic constants, three piezoelectric constants and
two dielectric. These coefficients constants construct the second-rank tensor in 9-space. In the case of
transversely isotropic symmetry with the poling axis alongx3, Eq. (17b) takes the form

s11 − Λ s12 s13 0 0 0 0 0 d31
s12 s11 − Λ s13 0 0 0 0 0 d31
s13 s13 s33 − Λ 0 0 0 0 0 d33
0 0 0 12s44 − λ 0 0 0 1√2d15 0
0 0 0 0 12s44 − λ 0 1√2d15 0 0
0 0 0 0 0 (s11 − s12) − Λ 0 0 0
0 0 0 0 1√
2
d15 0 ε11 − Λ 0 0
0 0 0 1√
2
d15 0 0 0 ε11 − Λ 0

















The first eigenvalue (eigen-compliance),(2ε11 + s44 +
√
(2ε11 − s44)2 + 8d215)/4, is of multiplicity 2
and is associated with two material modes (or eigendirections)
ϕ(1) =
[
0 0 0 0 (−2ε11 + s44 +
√
(2(ε11 − s44)2 + 8d215)/2
√





0 0 0 (−2ε11 + s44 +
√
(2ε11 − s44)2 + 8d215)/2
√
2d15 0 0 0 1 0
]T
This means that the shear strains out of the planeox1x1 and the electric displacement in the planeox1x2
are combined together to form deformation modes. This deformation mode is analogous to the antiplane
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deformation of piezoelectric materials. The second eigenvalue,s11 − s12, is of multiplicity 2 and is
associated with
ϕ(3) = [−1 1 0 0 0 0 0 0 0]T
(32)
ϕ(4) = [0 0 0 0 0 1 0 0 0]T
Equation (32) expresses deformation modes caused by the stresses (strains) in theox 1x2 plane only.
This means that mechanical and electrical behaviors are uncoupled along this material mode. This
deformation mode is analogous to the plane stress (strain) deformation of elastic solids. The eigen-value(
2ε11 + s44 −
√
(2ε11 − s44)2 + 8d215
)
/4 is of multiplicity 2 and is associated with
ϕ(5) =
[
0 0 0 0 (−2ε11 + s44 −
√
(2(ε11 − s44)2 + 8d215)/2
√





0 0 0 (−2ε11 + s44 −
√
(2ε11 − s44)2 + 8d215)/2
√
2d15 0 0 0 1 0
]T
The Eq. (33) is analogous to Eq. (31) and these deformation modes are analogous to the antiplane




















































































wherep = b− a23 , q = 227a3 − ab3 + c,a = −(s33 + s11 + s12 + ε33),
b = −2s213 + s33s11 + s33s12 + s33ε33 + s11ε33 + s12ε33 − d233 − 2d231,
c = 2ε33s213 + (d
2
33 − ε33s33)(s11 + s12) − 4d31d33s13 + 2d231s33, ω =
−1 + √3i
2




(s11 + s12 − Λ7)d33 − 2s13d31
(s33 − Λ7)d31 − s13d33 0 0 0 0 0
(s11 + s12 − Λ7)d33 − 2s13d31





(s11 + s12 − Λ8)d33 − 2s13d31
(s33 − Λ8)d31 − s13d33 0 0 0 0 0
(s11 + s12 − Λ8)d33 − 2s13d31






(s11 + s12 − Λ9)d33 − 2s13d31
(s33 − Λ9)d31 − s13d33 0 0 0 0 0
(s11 + s12 − Λ9)d33 − 2s13d31
(ε33 − Λ9)s13 − d31d33
]T
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Table 1
Properties of eigen-compliance for cubic, hexagonal and tetragonal symmetries
Symmetry eigen-compliance Multiplicity
Cubic s11 + 2s12 1


















4ε211 − 4s44ε11 + s244 + 8d214 3
hexagonalε33 1










































4ε211 − 4s44ε11 + s244 + 8d214 2
tetragonal s66/2 1
ε33 1
s11 − s12 1










































4ε211 − 4s44ε11 + s244 + 8d214 2
Table 2
The eigen-compliance and material modes for isotropic material







3/3 0 0 0} ϕ2 ={0
√
2/2 −√2/2 0 0 0}
ϕ3 = {
√
6/3 −√6/6 −√6/6 0 0 0} ϕ4 ={0 0 0 1 0 0}
ϕ5 ={0 0 0 0 1 0} ϕ6 ={0 0 0 0 0 1}
This means that the axially symmetric normal stresses (strains) and the electric field (electric displace-
ment) out of planeox1x2 form deformation modes.
According to the previous discussion for linear transversely isotropic piezoelectric materials, stress
and electric field can form distinctive deformation modes. When its poling axis is orthogonal to the
isotropic planeox1x2, the deformation modes may mainly be divided into three kinds. 1) The shear
strains out of the planeox1x2 are combined with electric displacements in the planeox1x2, which is
analogous to antiplane deformation. 2) Exist the stresses (strains) in the planeox1x2 only, which is
analogous to plane stress (strain) deformation. 3) The axially symmetric normal stresses (strains) are
combined with electric field (electric displacement) out of the planeox1x2. Here each deformation
mode has its own contribution to the total deformation. We can suppose, for brittle material, the role
of different deformation modes for the failure fashion is different, hence a correct composition of these
deformation modes is very important to the failure criterion.
In Table 1, we list the eigen-compliance for Cubic, Hexagonal (lattice 622) and Tetragonal (lattice
422) symmetries. The eigen-compliance and material modes of isotropic elastic materials are also listed
in Table 2 for comparison.
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5. Failure criterion based on modal strain energy
The concept of an eigentensor was introduced by Kelvin [1] who called eigentensor “the principal
types of stress or strain”. And the modal strain energy for linear elastic material was introduced by
Chen [2], Rychlewski [3], Mehrabadi and Cowin [5] and Beigler and Mehrabadi [6]. In this section, we
will introduce the failure criterion based on modal strain energy for piezoelectric ceramics in detail.
In this paper, through spectral decomposition and normalization method, each modal stress is directly
proportional to the corresponding modal strain, namely, any strain energy mode is independent from
others. Hence, a correct composition of these strain energy modes can represent the failure criterion. In
this paper, we will give two new failure criteria based on modal strain energy for piezoelectric materials.
Theory I: Failure will occur in a solid when one of its nine or fewer independent modal strain energies
reaches a critical value, i.e.
U (i) = U (i)0 i = 1, 2, . . . , k (36)
whereU (i)0 is a critical value of failure of theith modal strain energy and can be determined through
experiments.
Theory II: SupposingU is a linear combination of nine or fewer modal strain energies at an arbitrary








ai = 1, k  9 (37)
where the weight factorai represents the important degree in the failure event and are material constants.
In general caseai – for largerU
(i)
0 is less than that for smaller in Eq. (36) and can only be determined by
experiments. WhenU reaches a critical valueU0 at a point, i.e.
U = U0 (38)
the failure occurs at that point.U0 is determined by experiments. If allai are equal, Eqs (37) and (38)
represent the total energy criterion. In many casesai may be equal for material modes with the same
eigen-value. These modes can be combined as one mode as shown in Eq. (22).
In fracture mechanics the failure criteria (36) and (37) should be modified as in [22,23] or in [16,20].
In [22] and [23] a characteristic distancer0 with the size of a crystal grain is introduced for a narrow
elliptic defect and we assume that the failure happens whenU reaches its critical valueU0 atr = r0. For
the method to determiner0 we can refer to [22]. In [16] and [20] it is assumed that whenrU reaches its




(i) = Utotal is the total energy density factor as in [20].
A material mode corresponds to one deformation mode, so it is reasonable to assume that for this mode
there exists a critical value of modal strain energy or modal stress to cause failure. In the general case for
different deformation modes the critical value may be different, but it is not excluded that some different
deformation moeds have the same critical value. This is determined by experiments. For instance, in
an isotropic elastic material there are two deformation modes, e.g. volume change and shape change.
Corresponding to the volume change, there are a single eigenvalue and a material mode. Corresponding
to the shape change, the eigenvalue is multiplicity 5 and we can construct 5 material modes (see Table 2).
In plasticity and failure theory of metals these 5 material modes can be combined to one and in this case
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Table 3
Elastic compliance, piezoelectric constants and dielectric constants of PZT-4
(m2/N) s11 s12 s13 s33 s44
12.3 × 10−12 −3.9 × 10−12 −5.5 × 10−12 16.1 × 10−12 39.0 × 10−12
(C/N) d31 d33 d15 (F/m) ε11 ε33
−134 × 10−12 300 × 10−12 523 × 10−12 1.30 × 10−8 1.14 × 10−8




ij is the deviatoric ofσij) yield criterion and failure criterion are obtained
when the effect of the volume change mode is neglected. This means that the weight factor before the
model strain energy of volume change is zero, and the weight factors before the five model strain energies
of shape change are the same. However whether this theory is consistent with practice should be proved
by experiments. It is unfortunate that at present time experimental data are lacking. We should work on
this in the future. The theories introduced in this paper are the possible criteria and do not negate other
theories.
6. Numerical example
Piezoelectric ceramics are easily to fracture. The fracture experiment of PZT-4 [11] is used as a
numerical example to demonstrate the suitability of the modal strain energy theory. With the material
poling axis aligned in the positive direction, the constants of transversely isotropic PZT-4 are listed in
Table 3.
After solving the Eq. (17b), the eigenvalues for constants of PZT-4 are
Λ1 = Λ2 = 1.3025 × 10−8, Λ3 = 1.1494 × 10−8, Λ4 = Λ5 = 1.63399 × 10−11
(39a)
Λ6 = 9.9855 × 10−12,Λ7 = Λ8 = 9.0006 × 10−12,Λ9 = 3.54133 × 10−12, (m2/N)
and the associated material modes are
ϕ(1) = [0 0 0 − 0.02011 0.02011 0 0.7068 − 0.7068 0]T
ϕ(3) = [−0.01174 − 0.1174 0.02608 0 0 0 0 0 0.99952]T
ϕ(4) = [−0.5 0.5 0 0 0 0.70711 0 0 0]T
(39b)
ϕ(6) = [0.36172 0.36172 − 0.85870 0 0 0 0 0 0.03091]T
ϕ(7) = [0 0 0 − 0.70682 − 0.7682 0 0.02011 0.02011 0]T
ϕ(9) = [0.60747 0.60747 0.51182 0 0 0 0 0 0.000918]T
whereϕ(1) stands forϕ(2), ϕ(4) for ϕ(4) + ϕ(5), ϕ(7) for ϕ(7) + ϕ(8).
The fracture behavior of piezoelectric media with a crack under mechanical and electrical loading is
not very clear. In order to assess the effect of the electric field on crack propagation, Park and Sun [11]
carried out compact tension tests for PZT-4. The configuration is depicted in Fig. 1. The crack length
is a, and the remaining ligament isc. The distance from the load points to the back face is given by
b = a + c. The material is piezoelectric poled in the positivex3 direction and transversely isotropic
about the poling axis.
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2h 
Fig. 1. A compact tension specimen subject to mechanical load and electric field.
For this compact tension test, McMeeking [15] solved the near tip stresses and electric displacements
in detail. He predicted that the crack extends along the crack plane, and Mode I stress intensity factor









wheret is the thickness of the test specimen andF is the external mechanical loading. This expression
is valid only for specimen with the size ratios in Fig. 1. In this case4.4/tc = 6.16 × 104/m2. And the




whereD∞3 is the remote electrical loading. Hence after calculating, the vectorĤ in normalized 9-D






[80931F − 1.298E3 69219F + 10.2E3 61625F 0 0 0 0 0 1440F + 0.974E3]T (42)
wherer is the distance from the crack tip andE3 is the remote electric field, and from Eq. (7) we have
E3 = D∞3 × 108 − 1479F (43)
Applying Eqs (22)–(29), the four strain energy modes involvea/r. In the region near the crack tip the












(1.47 × 10−13σ∞23 − 1.79 × 10−11σ∞3 E3 + 5.4 × 10−10E23)
(44)












(1.4 × 10−11σ∞23 + 7.64 × 10−11σ∞3 E3 + 1.039 × 10−10E23)
In this case,U (6) can be omitted becauseU (6)  U (3), U (4), U (9) and it has little influence on the total
modal strain energy.
According to Theory I one of the modal energiesU (3), U (4) or U (9) reaches its critical value, the
specimen fails. The failure problem can not be discussed in the present theory for large external electric
field (especially toE3 > 106 V/m) due to very large electric fields near the crack tip. In that case domain
switching can not be avoided. In modal energiesU (3), U (4), E3 plays the principle role, and its critical
value may be high and these curves inσ∞3 − E3 plane may locate out of the discussed region. In modal
energyU (9), σ∞3 takes the main role and its critical value may be low. Therefore we only useU
(9) in this








(1.4 × 10−11σ∞23 + 7.64 × 10−11σ∞3 E3 + 1.039 × 10−10E23) (45)
when the formula in Eq. (45) is satisfied, failure will occur.
Park and Sun [11] use a maximal mechanical energy criterion and their criterion with corrected
coefficients can be written as
πa
2
(2.28 × 10−11σ∞23 + 2.21 × 1010σ∞3 E3) = U0mech (46)
In the discussed region Eq. (46) approaches Eq. (45), but the slop of Eq. (45) is slightly steeper and more
consistent with experimental results (See Fig. 2). In a certain sense the maximal mechanical energy
criterion may also be considered as a variant of the modal energy criterion.
According to the theory II, Eqs (37) and (38) are taken in the form
r
a
(a3U (3) + a4U (4) + a9U (9)) = U0 (47)
where constantsa3 = 0.02, a4 = 0.05, a9 = 0.93 andU0 = 112.9 are chosen which are guided by the
discussion in Theory I. Since the available experiments are very limited, it is very difficult to establish
the validity of this hypothesis. Hereai andU0 are determined by experimental data [11] to make that




(1.29 × 10−11σ∞23 + 8.78 × 10−11FE3 + 5.82 × 10−10E23) (48)
The total strain energy, which is identical to the energy density factor [16], can be written as






(1.95 × 10−11σ∞23 + 4.59 × 10−10σ∞3 E3 + 9.98 ×−9 E23)
Figure 2 shows the failure load under different electric fields obtained from the experimental data and
theoretically calculated results. It is evident that the electric field significantly affects the fracture
load. Moreover, a positive electric field, which tends to open the crack, reduces the fracture load,
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Fig. 2. Fracture loads under various electric fields for compact tension specimens.
while a negative electric field increases it. Thorough comparison of experimental data and theoretically
calculated results shown in Fig. 2, it is easy to see that the fracture criteria based on the modal strain
energy theory I and II predict the effect of the electric field well in a certain range of electric fields. Due
to very high electric fields near the crack tip, the nonlinear polarization must be considered. But we
can expect that the modal strain energy methods based on the linear solution are also appropriate when
the nonlinear polarization region near the crack tip is small. The prediction based on the strain energy
density factor qualitatively coincides with experimental data only over a very narrow range.
7. Discussions
The eigen-tensor theory was originated by Kelvin [1] for anisotropic elastic solid. Chen [2], Rych-
lewski [3], Mehrabadi and Cowin [5] and Arramon et al. [7] restudied and advanced it. Based on these
theories, this paper extends them into piezoelectric materials and proposes a method of constructing mate-
rial modes (material eigendirections) for the piezoelectric materials. We consider that any deformation of
piezoelectric materials can be considered as the superposition of certain independent and non-interacting
deformation modes. The deformation modes are the properties of materials, and connecting them with
failure criterion is reasonable. Hence, based on the concept of modal strain energy, we have presented
two new failure criteria for piezoelectric ceramics. Through simulating the compact tension test, the
theoretical results are shown to be in qualitative agreement with empirical evidence. From the present
study, it can be concluded that the modal strain energy theory seems to be suitable as a failure theory for
piezoelectric materials.
The main question of the mode energy failure theory for piezoelectric materials is the lack of the
experimental data. We should work hard on this in the future. The transformation coefficient in Eq. (4)
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can affect eigen-compliance and eigenvector, but the qualitative results are the same for failure theory
from some of our unpublished calculations. To seek a good valueα in Eq. (4), which makes the theory
to be consistent with experiment best, is also needed.
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Appendix A
Under coordinate rotation in real 3-dimensional space, the direction cosines between new coordinate
systemΦ′ and old coordinate systemΦ provide the matrixR in Eq. (9). Hence the third-rank matrix in
Section 2 can be written as
A11 =








 , A12 =

 l12l13 l11l13 l11l12l22l23 l21l23 l21l22
l32l33 l31l33 l31l32

 , A21 =








(l32l23 + l22l33) (l33l21 + l23l31) (l31l22 + l21l32)(l12l33 + l32l13) (l33l11 + l13l31) (l11l32 + l31l12)
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